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STOCHASTIC BIFURCATION IN THE THEORY OF THE FLEXURE OF
SPHERICAL SHELLS AND CIRCULAR MEMBRANES™

S.I. VOLKOV

The capacity of rigidly clamped elastic membranes and open shallow
spherical shells of circular outline that are in equilibrium under the
action of a radial stress, given uniformiy on the contour, and transverse
loads distributed radially aleong the surface to form a field with a guasi-
Gaussian probability measure to retain shape is investigated. It is
assumed that the behaviour of the membranes and shells is described by
ver. Karman equations taken in a radial approximatiorn.

The following method /1/ is used. A generalizatien of the probability
density, a probability functional (PF} induced by the probability measure
of the load and the operator of the problem is constructedin the space of
possible sclutions of the initial boundary value problem (the concept of
probability density inthe functional space of individual realizations of
a random field of the desired parameters was first utilized in statistical
hydromechanics problems /2/). The times of a substantial change in the
shape or an abrupt decrease in the shell (and membrance) carrying capacity
are related tc the first bifurcation of the PF modes with respect to the
growth of the compressive force.

The application of this method starts with the derivation of the
eguations for the PFextremals in the space of weighted derivatives of the
deflection function with respect to the dimensionless variable radius.
Wwithin the framework of the Galerkin method, solutions of the designated
equatiorn. are determined. Simple relationships are determined that relate
the radial stresses to the statistical characteristics of the transverse
load field at the time of bifurcation of these sclutions. It is shown
that up to the time of the first bifurcation of PF has just one extremal,
a trivial mode for the membranes but a non-trivial mode for the shells.
Then by starting with the time mentioned the membrane PF reaches maxima
on the extremals bifurcating frem the trivial, while the shell PF acquires
a new maximum (in addition to the existing maximum) on still another

*prikl.Matem.Mekhar.,49,4,616-626,1985
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non-trivial extremal. Results are presented of a computation of the
compressive forces of the first bifurcation of the PF modes in the case
of transverse loads with a small correlation scale.

1. wWe consider the axisymmetric elastic strain of an open, rigidly clamped, shallow
spherical shell that is in equilibrium under the action of a uniform radial stress on the
contour and a radially distributed transverse load on the surface. The behaviour of such a
shell is described by von Karman equations taken in a radial approximation /3/. Let the radii
of the reference contour a and of the sphere R be in the ratic e =a/R «€ 4. Then in the
dimensionless von Karman equations solved for the stress function, the terms of second and
higher order in & can be neglected. We consequently arrive at the following set of eguations

Nirul=1() 1.1
Nirul=Lu{r)~aN;[r;u] + aeNo[r;u], L=
4t
F tAegw
1

Ni[riu]l = S dsg (r, s)(rs)~"+ ut(s)u (r)

0

1
Nelriul= Sdsg (ry s)(2r—Ysur) + s7hu {s))u (s)
]

U == e —%— s } (r) =7 g dsa (S)
&
‘r""u§7=0< X, E;,=1=0 (Uf,=1=0) (1'2)

The dimensionless quantities in (1.1} and (1.2) are related to the dimensional formulas

afr, v, zy = {p. V, Z}. Da™® {ha,, g}
a = (@R, Rz = 2D (RE)™, 0 e <€ 1

Here V is the deflection of points of the middle surface Z,p is a variable radius, E
is Young's modulus, h is the shell thickness, D is the cylindrical stiffness, o, is the radial
stress on the contour, ¢ is the transverse radially distributed load, g (r, s) is Green's
function of problem (1.1), (1.2) for a =i =0, and writing @ [r; u] means that the quantity
@ is a function of r and a functional of the field u (r).

Let © be the space of elementary events o, ' the set in which solutions of (1l.1) are
sought with the conditions (1.2), and F a set dependent on the case of the right sides of
(1.1). we assume that the mapping @ — j({®) is characterized by a non-negative normalized
Borel measure p; (e} given on Q such that higher moments of the random field f(r) are expressed
in terms of the lowest by a method close to a Gaussian field. The question is what elements of
of U possess the greatest probability for 7 >0 and for what values of A does bifurcation
of these elements occur.

2. We introduce a set of trial functions @ including, in particular, the orthonormalized
eigenfunctions ¢; of problem (1.1), (1.2) linearized for jf={ in the segment [0, 1] .
We set

b3
Liv.jrgl=\dr(N[riu] — () g ()
o
Ve extract the subset I of all pairs (f,u)=F x U in F x U that satisfy the condition

Liu, f. ¢l =0, Vo= O @1)

We let the symbol u (r|w) (or ulr; f (| w)l}dencte the stochastic sclution of the initial
problem which we shall understand to be a Borel measurable mapping Q- U (with a value at
the point ©) that satisfies the system (2.1), (1.2) and corresponds to the mapping o= fj{r|
w): @ — F (the existence of such solutions follows from the proof of Theorem 1 in /4/).

Let M be the projection of the space T on U and € (F x M) the Banach space of all
complex-valued functionals ¥ lf, ul continuous F X M with natural definition of the norm

el =suplylf, ull, Yo CF x M)

Then under the conditions of this problem, in F X M there exists /4/ a normalized non-
negative Radon measure u7 connected with p; {w} by the relationship

gdp, @Y {f (0 u ()] ’;S duTy [f,u] @.2)

» M

According to the remarks of Theorem 2 in /4/, the Lebesgue extension /5/ of the measure
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pT  satisfies the conditions
§ auTyifiul L fo o) =0 (2.3)
M

{ auT|Liu.fig]p=0
FxM
Ve C (F XM, Vo= @

This means that the measure 7 is lumped in solutions of (2.1). The contraction
of this measure in C (F) is in agreement with the measure induced by the mapping o —f{ ).
The continuation f (| ) — u (| w) of this latter mapping induces a measure that is in agreement
with the contraction u, of the measure uT in C (M).

By virtue of the conditions used, the random field f(r) is similar to a Gaussian field
in the sense of the representation of the higher correlation moments in terms of the lower
moments. Let its first moment be zero, and let the second correlation moment X (r,r') be the
kernel of a non-degenerate integral operation on the set of functions W O U given in the

segment [0, 1] and satisfying conditions (1.2). It then follows from relationships (1.1), (2.2),
(2.3) that
1 1 1
S dpy gdr Sdrll\' (rul K (rr) Nriu] = S drb(r,r)=1 (2.4)
M I 0

Here 6 (r,r;) is the Dirac  0-function given in the segment [0,1] and related by the
conditions (1.2).

We assume that auxiliary measures v, and v, exist in an appropriate manner in the sets
¥ and F such that the measure p, is absolutely continuous with respect to +v; and the measure
Jo wWith respect to v, . According to a well-known Radon theorem, there hence results the
existence of Radon-Nikodym derivatives dp,/dv, and dp,/dv,. The derivative du,/dv, is
defined for ail points of the space M with the exception, perhaps, of a certain subset M, for
which v, (M) = 0. (By virtue of the condition presented above for absolute continuity, p, (M,) =
0 simultaneously). The derivative dpy/dv, is in turn defined for all points of the space
F with the exception, perhaps, of a certain subspace F, for which w,(F;) =0.

The measure of uncertainty in the information, the information entropy corresponding to
this statistical distribution y; (i =0,1), is defined by the formula

H = gd}x In 25t ”* (So=F, S, = M)

i

e

The probabilistic measure p; can be found by the rules of information theory /6,7/ by
the Lagrange method from the condition of maximum entropy H, simultaneously in comkination
with the non-negativity and normalizability of yu, and the presence of the integral (2.4).
Then the absolute extremum of the functional

1
w:—gdpl[ln%—-ﬁlgdrSd [riu K’(r,rl)N[rl,u]-Lﬁ}
S

M

corresponds to the conditional extremum of H.
The coefficients B;. p» here are Lagrange multipliers. The maximum of 4 is reached

in the measure
dy;, = cexp {—B,S )} dvy; ¢ = exp (—1 — B,) (2.5)

dr\ dnN [ru) K ror) N [ri;u]

A
4

Sful=

Oy

The quantities f; and ¢ are given by (2.4) and the condition for normalizability of
the measure ;.

The invariance of the information entropy required according to information theory
postulates /6/ (for the passage from the measure y, to the measure y,) under the induced
mapping o — f (| ©) — u [f (] @)} is ensured by selecting v, in the following form:

—dv, = | Det [T (u)1 ] dvy, (2.6)

Here dv, is a genralized measure given on ¥ (by the terminology in /8/) that represents
the analogue of the element of "volume" in the space of functions u (r) from JAf; Det [ (1)) is
the Fredholm determinant of the integral operation in the segment [0, 1] with kernel TI![r,r';ul.
The two-point function T [r, r’; u] satisfies the conditions (1.2) and the equation

1
8N {r: , R
(a2t 1 i ru) = 8 r)
0
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We substitute relationships (2.5), (2.6) into the second integral in (2.4). This
integral is then formally reduced by the transformation (l.1) to a Gaussian type continual
integral in F

1 1
e{dvaf ()1 ) exp{—a §ar {ard () K™ (ur) (o)} = K (ro1') @1
F [} 1]

Here dvy, . the generalized measure in F, is the analogue of the element "yolume" in the
space of the functions f(r) from F.

Carrying out continual integraticn in (2.7) by the method in /9/, we obtain that f, =1/,

We extract the generalized derivative in relationships (2.5) and (2.6)

P, [u]=%=6|D9t[r"(u)]|exp{—%S[u]} (2.8)

The functional P.luj, called later the probability functional (PF), is an infinite-
dimensional generalization of the finite-dimensional probability density of the quantities
u(r;) from M intc the functional space M (r; are the coordinates of points of a finite
partition of the segment [0, 1]).

3. The condition of a local extremum requires disappearance of the variational derivative
of the PF P, [u] on the extremals u=u, = M. The equation for u, corresponding to this
cordition has the form

dr:k (r, r,)E{:—rz—) Tlreriu | 3.1)

1
N[riu,=— S dry
0

Oy -

A non-analytic operation with kernel T Ir.r’;u = u,] is on the right side of (3.1).
However, it follows from (2.8) that degeneration of the matrix I''|r,r': u = u,] sets in only
in those realizations of its functional argument u, from U for which the probability is zero.
Therefore, the operators whose kernels comprise the matrix of I'lr,r'; u = u,}, are analytic, in
probability, with respect to the functional argument u, or other parameters of the problem.

Using this circumstance, we transform (3.1) to a form containing only lower-order terms
in the geometric non-linearity parameter a. We set 7 =24, + y. In a small neighbourhood
of A, let

Det [T7 ()] lumo 5 0

Then expansion of the components on the right side of (3.1) in powers of a is possible
with non-zero probability. Taking account just of the principal terms in this expansion, we
obtain (introducing the notation y = u, ()

B(riheyy = —vr — aN Iri y) — 2eN, [ g] = oy, (ri b hg) g = aey (71 23 = o (2} (3.2

1
B(rik) 1=Lyl=,—a ( dsM (rv s ) 7 (5)
o

1

1
Mosit)y=2{ds (ank (r.9) g (r15) (s >
0 ¢
[2T o (ss ris A) To(ray s1i A) = Do (ree rai 1) T (5,815 4))

1 1 1
Yirk)= 2S dsg ds, S driK (rs) g(riosi) To(ryosih) x
] 0 L]
(277 To (51, ri 2) = 57 Tofea. 5 2)]

1
Yk = ds [ (¢ s7) — M (s bl 1. (9)
0

Here B (r; 4, is a linear operator; the function T, (r, s; &) equals the functions T Ir, r';
u=10] at the values A >0, and in the general case is bounded in prcbability.

Study of the solutions of (3.2) with analytic operators, in probability, the clarification
of the moments of their bifurcations, the extraction from these of those that correspond to
generation and mutual transitions of the modes of the probability functional, comprise the
content of a stability investigation (in the ensemble sense) of this and kindred /1/
stochastic systems.

Let {, (r) denote the zeros of the operator B (r; A,). Under conditions (1.2) they will
be non-trivial solutions of the linear equation

B(r;ky)y=0 (3.3)

We let Ay, denote values of the quantity A, corresponding to moments of irreversibility
of the operator B (r; i,).
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We examine the case when just one zero of the operator B (r; i,) corresponds to each value
of Agm>0. In this case (3.2) allows a formal sclution of the form (analogous to non-
linear equations with operators in Banach spaces /10/)

L =nin(r)—a S dsRpy(r s) (a7 vx (s) + Nulsi y] — ¥ (si ko ho) + e (Ve fsi 2] — ¥ (s M)] +o(a) (3.4)

1
={ar(ntat) @.3)
0
Here AR, (r.s) is the kernel of Green's operator determined under conditions (1.2) by

the expression

B(r:;'om)Hm(r‘r’) e ds‘;m(r)gm(s)ﬁm(s‘ r')=6(r, 7")

Oty

4. wWe consider the case when ¢ = 0 (circular membranes). In this case (3.1) has both
zero and non-zero solutions. We pose the following gquestion: for what values of 7 is the
trivial extremal u, = 0 a mode of the probability functional of the membranes Pglu] = Pe, [ul.

Analogous to non-linear eguations with bounded operators with probability one /10/, the
solution of (3.4) is representable as the following convergent series in probability as & = 0:

1) =2 7 ()0’ {4.1)
k=1

The quantities 7y, are found by the method of undetermined coefficients, i.e. by sub-
stituting (4.1) into (3.4) and subsequent comparison of the coefficients of identical powers

of 1. The so-called bifurcation egquation for the gquantity v is formed by substituting
(4.1) into (3.5). By carrying out these operations we obtain
Ly (0 — Dom) — @Lyz (2 Do) — aLm? =0 (4.2)

1

Ly=\drs,2(r)y  Luo (b bgm) = Sdr;m(r)m(r;?.,i.o);m
[

cef o

s
>
—
3
Z

1
-
2
i
3

,
—_
3
=
gt
B

"~
—_
~
<z

As is clear from (3.2) and (4.2), the following are approximate small solutions of Egs.
(3.1):

A
L~
e

X

14‘*(r) = U~ (r+ ’— }~0m)=i'ﬁ;n. (r
Pe={a 1LY (hhgm) L3 1 (7 — Pm)]
LY (o hgm) = Ly — aLqa (- 7) (7 — hom) ™

It hence follows that (3.1) has just a trivial solution in the domain 0 <<% < p¢ (Pon is
the least gquantity from the sequence {lom}}. This means that here the probability functional
P,lu] reaches the extremum only in the mode wu (r) = 0. The nature of this extremum is
established from the continuity (in probability) of the functional P,[u] and the conditions

P lul > 0. Pilu=01 0. Plu-s =2l—=0+0 (4.4)
These conditions indicate that the extremal wu, (r) =0, which is unique here, is a mode
of the functional P, lul
The second variation of the functional §;[u} = —Iln (¢71P,[u]) has the form of a simple
quadratic form in the neighbourhood of u =20
1
BS(u) = Y e (s = A () u () 45)
m 0

The quantities c,, (») are the eigennumbers of the operator on the left side of the equation

id _8Siu)
J & 6u(r1)6u(r)

The solutions of (4.6) agree, in probability, with the zeros {n(r) of the operator

u(r)) = cu(r) (4.6)

u=0

B (r, A).
The probability functional P,f{u] has just one extremum in the domain 0 <<% <X pm the
maximum in the function u(r) = 0. Therefcre, the quantity S,{u] is here a functional

convex downward &S, lu] >0 in the small neighbourhood u (r) =0 and all cn(2)>0. Upon
achievement (and a small subsequent increase) by the compressive force 4 of the value .
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the eigennumber ¢, (A) passes through zero into the domain of negative values. The quadratic
form {4.5) becomes sign-definite. Therefore, the trivial solution of (3.1) for & =0

ceases to be a mode of the functional Pylul. By virtue of conditions (4.4) modes for the
functional P, lu] should be here among the remaining solutions of (3.1). Within the framework
of the approximations used, there are two such solutions in a sufficiently small positive
semicircle of  Pon: Uy (I3 A — Pen). Since P, lul = P, [—ul, both these solutions will approxi-
mate modes of the membrane probability functional.

Therefore, the membrane probability functional P,[u] has a single extremum up to the
time A = p,, of the first bifurcation of the trivial solution of the extremal equation, the
maximum on & {r) = 0 which goes over into new maxima at approximately the modes uy {r, A — Pon)
at the time noted.

Such a phenomenon is an example of stochastic bifurcation.

For sufficiently small K (r, r') problem (3.3), (1.2) allows the approximate solutions
tm (1) = ¢m () = @r)v| Jy (k)| Yy (kpr) within the framework of the Galerkin method (J, (2)
are n-th order Bessel functions of the first kind, and k, are the roots of the equation J,; (1),
2>0}. The values Ay, of the force % corresponding to times of irreversibility of the
operator B (r. A) are found in the neighbourhoods of the quantities k,* in this case. Approxi-
matel
Y Aoy = — m2=kmz-(6a§mem)v' (47)

1

K,,= § dr S, drig, (1) K (r.m) g, (rs)

B

1
- . 2
B, = 2 k7 (Sdss‘ ¢a (s)¢,° (s‘))
n o
Accerding to (4.3), the following will be approximate small solutions of (3.1} for e =10:

u(:;n) (I’; I sz) = ay (;') ,:(aﬁm)nl (}' - sz)]l" (pm(r) (4'8)
Cm (;") = E Ao kme I-l [(;~ - sz)i - 3 (; - Qmﬂ) @mu - kmz) T 3 <Qm2 - km2)2]' '

In the case K =0, expressions (4.7) and (4.8) determine the known /10/ sequence {(k,*}
of egquilibrium bifurcation peints of membranes with zero transverse load and derivatives of
im:

the equilibrium deflection modes v (r}

Am)
dzvi
dr
Let the correlation moment B (r. r') of a random field of dimensicnless transverse loads
n (r} be approximated by the &-functions

Bir,r'y=A8(r. 1) 4.9

= 2= [(@Pu) ™ (n = a®)] [ T2 (i) [ T2 (K

The correlation moment of the field f({r} corresponding to this approximation has the
following form:

K. ry=4min(r, r') (rr')" (4.10)
Computations performed by means of (4.7) and (4.10) show that over a fairly broad range
of variation of the amplitude 4 = {0, 101 in which the approximations used are valid, the
least gquantity from the sequence {¢,°} is reached at the value m =1, i.e.,
gf = min {g,%} = k? — 0.69(z4)s, k=~ 14.69 (4.11)

The case similar to (4,11) (in the sense of the existence of a minimum of the sequence
{gm*} at the value m = 1) holds for a field of transverse loads with a non-zero radius of
correlation and the moment

Birnry=dexp{—~|r—rirnpi<r,<1 {4.12)

Here r, is the scale correlation parameter.

In both cases (4.9) and (4.12), the stochastic bifurcation of the membrane equilibrium
sets in earlier (as the compressive force increases) than the deterministic bifurcation of a
membrane with zero transverse load.

The influence of the stochastic loads on the capacity to buckle is estimated by the magnitude
of the relative distance <y, between the first (in the compressive force) point of bifurcation
of the equilibrium of a membrane with zero transverse load and stochastic bifurcation peoint.

In this case

Yo = (k,* — @.®) k7 (4.13)
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Computed dependences of the guantity y on the

0.08 amplitude A of the correlation moments of a random
T field of transverse loads are represented in Fig.l
for the case a =104 . Curve l corresponds tc a 6~
2 correlated field of loads (the moment (4.9)). Curves
2, 3 correspond to load fields with correlation
moments of the type (4.12) with the scale parameters
’____J___J re = 0.1 and r, =001, respectively. It follows
/ from the shape of these curves that the predispesition

to bugk_'l_lp_n of the intial mode is raised m:r\eae‘nu
0( A for membranes with a stochastic transverse load

4 ’ compared with membranes with zero transverse load
: even in the domain 4 <1.
Fig.1l <

<< 1 (shallow shells).
=t~ £
L

For small €& and a problem (3.2},
n e Tard S e red dln S W 73 - : T
€ S04UTilll Withnln e I L

%3 +h £ an cxmmm oy g o) -
s TaMeWOIrK O

;ﬂlows the
% () =nim (r) (5.1)

The parameter 1 in (5.1) is subject to the equation
aely -+ [Ly; (A — hom) —aLyy (A, Agm)In + aeLloh? + algn® =0 5.2)

The coefficients of (5.2) satisfy the relationships (4.2) and the equalities

vo
el

o
3
=
o
=
Loy
&

1
[T

dr yasr
o

OQ’);-

1
T _(‘J..v Nk £ 5 7
L,a-—-.\urtm(r)qkr‘/.), Ly
0

Up to the time 2 = A, Eq.(5.2) has one, non-trivial, soclution 1,  Starting with this
time there will be three such sclutions: n,, 1, 1. Within the framework of the approximaticn
m(r) = ¢, (r) we obtain

Pim = P’ == gnt = (2706 et 'Tmﬁr—nl K )2 (3.3)
1

Vo = I‘.-Q S dss™* ’¢m3 (c)
0

In the neighbourhoods of the quantities » = i, the behaviour of the amplitudes 1 1g
is characterized by the following dependence on A

-
ot
o

-

My ~ (‘; — &n, (’)) P Ym

M~ — & (1) [27 ¢ — (= 47"t = 370, () g * (1)) ] — ¥ (3.9)
Yy = 2 (ﬂy’,)‘l Ty & =7— - dy g (. )= Byn.2 s (’lﬁm)—l 6m
e (1) = up, [(afi, )1 8, — (607 Bt K ) 2]
For large absolute values cf the guantities &, = (2f,)7%6, the asymptotic form of the
solutions of (5.2) acquires the following form
{ Nor = — GETmemﬁ;nl (7 — hop) 73 & — —ox _
Mo ~ | . Ly s (0.6)
! Noz = S1gN (gm (’}) gm’= 'En"" o
N, ~—MNoz- N~ Tons En— (5-7)
We extract the least guantity 4, from the seguence {A;p). We assume that just one
pair (3 (7). »..) corresponds to it. Then, to a first approximation, (3.1) has simple scoluticns
of the type (5.1) for small ¢ z«
% (r) = Mgy (1) (5:8)

Substituting here (5.4)-(5.7) instead of 1, we obtain the asymptotic form of small
solutions of the extremal eguation for the shell PF P, (u] before and after the first point
of their bifurcation.

The functional P¢lu] is continuous in probability in the set M. It satisfies the conditions

P lul>0 (Yus M), Poluzs T 0} 0+0 (5.9)

It follows from these conditions that within the framework of the approximations utilized
the single extremal y (r) = Wo§; (r) is the mode of the PF P;[ul in the domain O <A<<' =
min {p,.?} .

Approximately from the time 2 = p,® = min {j,?} two new non-trivial solutions appear for
the extremal Eg. (3.1) (for > 0): ¥+ (r) = n1¢, (r). Both these solutions start from one
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point in the (A, v) plane with coordinates
A=wd n~— 2 (A= m)— 26 Ch) t

It follows from (5.4) and (5.8) that in the domain 0 <A <C p,?the curve 1n_{A) lies
between the curves T, (x) and 0, () in the (A, n) plane. (Note that as §, — oo the amplitudes
n..M, differ only in sign, while the quantity m_ is proportional to the small ratio t/a
for e a). Hence, and from conditions (5.9) it follows that within the framework of the
approximations used, the functional P.lu]l has maxima in the modes ¥o(r)==To@x r} ¥, (r)=n,4x (.r)
in the domain A > p;?. The time of origination of the second maximum for A=p,? is accompanied
by the inequality P.[y.] < Pe[1o). which is replaced by the approximate equality Pely,]<< Pe [%o]
as i — oo,

Therefore, for a given stochastic elastic system (an open shallow spherical shell of
circular outline with a random Gaussian transverse load and uniform radial stress on the
contour), the most probable deflection mode in the domain A << p? = min {u,*} is the single mode
Vo (r) for which

L) o ol (1) T ()= J2 () [T (k)

In the domain §, — oo the most probable deflection modes are two: vy (r} and v, (r), where

doy (r)

d
50 ~nei (),

~ — o2l ()

Let V, be the set of possible shell deflection modes, and V.V its subsets which are
non-intersecting neighbourhoods of the elements v, & Vov, &V, from V,, respectively. The
presence of two equilibrium deflection modes v, (r). v, (r) as § — oo that have almost equal
maximum probabilities of existence on V (replaced by one maximally probable mode v, (r) for
A << %) generates a moderate probability of transition from one of the elements of the set
', to one of the elements of the set V, for small system perturbations in the case A > ;.
Such a phenomenon is a case of stochastic snap-through.

For transverse loads with the correlation moments
s (4.9) and (4.12), the least value from the sequence {in’}
is reached in the domain 4 = [0, 10] at the value m =1,
% i.e., the equality p,®> = min {p,?} holds. The influence
of the parameter ¢ on the stochastic bifurcation can be
i estimated from the relationship

. A —
N e = k?—g?

i Computed dependences of the quantity ¥y, on e for
| € different values of the correlation-moment amplitudes
0.4 ¢ 0.0 .08 are giver in Fig.2. Curves I and 3 correspond to o=
correlated fields of transverse loads with ampljitudes
Fig.2 A=01 and 4 = 94, respectively. Curves 2 and ¢
correspond to fields of transverse loads with moments of
the type (4.12) for one common value of the parameter r, = 0.4 and two values 4 = 0.1 and
A =94, respectively. The behaviour of the curves in Fig.2 indicates that the initial
shell curvature exerts a retarding influence on the pessibility of stochastic bifurcation.
In cther words, as &« grows, more and more compressive force is required so that two maxima
appear in the probability functional instead of one.
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ASYMPTOTIC FORM OF THE STRESS INTENSITY COEFFICIENTS IN
QUASISTATIC TEMPERATURE PROBLEMS FOR A DOMAIN WITH A CUT*

V.A. KOZLOV,V.G. MAZ'YA and V.Z. PARTON

Plane quasistatic thermoelasticity problems are investigated for domains
of arbitrary shape with a cut in the case of an instataneous temperature
change on the boundary. The asymptotic form of the stresses is investigated
in the neighbourhood of a crack tip.

Certain quasistatic temperatue problems were solved earlier in /1-5/
(see /6/ also) for the development of cracks on parts of whose surfaces a
constant temperature occurs at the initial instant and is maintained.
Expressions are obtained for the stress intensity coefficients at the
crack tip.

Quasistationary thermoelasticity problems are investigated below for
domains with cut in a more general asymptotic sense. A plane domain with
a cut whose boundary is instantaneously cocled or heated is examined in
Sects.l=3, Since the shape of the domain contour can be arbitrary, it is
impossible to speak of the explicit solution of the thermoelasticity boundary
value problem. Nevertheless, an expression is successfully found for the
principal terms of the asymptotic form of the stress intensity coefficients
at the most dangerous initial times (from the viewpoint of crack propagation).
In particular, the asymptotic form of the fracture time is determined as a
function of the temperature jump at the crack tip.

Note that the principal term of the tensile stress intensity coefficient
is independent of the contour shape, and agrees with the intensity
coefficient of the same problem for a plane with a cut.

Analogous results are obtained in Sec.4 for the problem of an
instantaneous change in the endface temperature of a thin plate from whose
side surfaces heat is transferred to the external medium, where the stress
intensity coefficients found are explicitly expressed in terms of those in
the absence of heat transfer. This enables an asymptotic analysis to be
made of the stresses near a crack tip at the initial times.

The results obtained in this paper emerge from the asymptotic solution
of the heat conduction equations as t:--0 for a domain with a cut and the
method precposed in /7/ for calculating the stress intensity ccefficients,

1. Formulation of the boundary value problems. Tc be specific we will examine
plane strain. As is well-known, the plane state of stress with zero heat transfer from the
external medium is realized on replacing the Lamé constant A by A, = 2ip (A + 2p), and v
by ve =1{1 —2v)y(1 —v). where y = 2pa; (1 ++)/(1 — 2v); p is the shear modulus, ar is the
coefficient of linear expansion, and v+ is Poisson's ratic, in which connection, only the
appropriate constants vary inthe asymptotic formulas indicated later.

Let Q, be a plane domain with a smooth boundary I, (see the Figure). There is a
rectilinear cut of length [ in Q, that connects the origin O & Q, with the point A& T,
We denote the upper and lower edges of the cut by 1[I and [. We understand T to be the
contour TI', supplemented with two drawn segments [ = and Q to be the domain bounded by T
Let §F be the closure of the domain § in the sense of its internal metric. To simplify the
discussion, we will consider the angle formed by the contour T, and the segment ! to be a
right angle, and the contour [, itself to be rectilinear near the point A.

The temperature T is determined from the solution of the boundary value problem
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